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ABSTRACT: In this paper, we consider thin films of AB block copolymer melts confined between two parallel
plates. The plates are identical and may have a preference for one of the monomer types over the other. The
system is characterized by four parameters: the Flory-Hugginsø-parameter accounting for the repulsion between
the A monomers and the B monomers, the fractionf of A monomers in the block copolymer molecules, the film
thicknessd, and a parameterh quantifying the preference of the plates for the monomers of type A. In certain
regions of parameter space, the film will be microphase separated. Various structures have been observed
experimentally, each of them characterized by a certain symmetry, orientation, and periodicity. We study the
system theoretically using the weak segregation approximation to mean field theory. The theory is phenomenological
in the sense that in the Landau expansion of the free energy the third and fourth order vertexes are approximated
by constants, while the second order vertex is approximated by a quadratic function of the wave vector. As a
consequence, the details of the architecture are not taken into account, and within the scope of the theory, our
results apply equally well for multiblock copolymers and triblock copolymers, though the mapping from the
rescaled parameters to the physical parameters would be a bit different. We restrict our analysis to the region of
the parameter space where the interaction strengthø is close to its spinodal valueøs, the compositionf is close
to the critical composition, the plate preferenceh is small, and the film thicknessd is close to a small multiple
of the natural periodicityL0 ) 2π/q0 (the first three conditions define the weak segregation regime). We will
present our results in the form of phase diagrams in which∆ ∼ |(d/nL0 - 1)/ε| is placed along the horizontal
axis, andT ∼ (ø - øs)/ε2 is placed along the vertical axis, whereε is a measure for the composition asymmetry
(f - 0.5). We present a series of such phase diagrams for increasing values of the rescaled parameterH ) hε-3.
We find that if ∆ is small, corresponding to films whose thickness is commensurate with the bulk periodicity,
parallel orientations of the structures are favored over perpendicular orientations. We also predict that on increasing
the value of the parameterH, the region of stability of the bcc phase shrinks.

1. Introduction

Bulk systems of AB block copolymers may undergo a phase
transition to a state which is homogeneous on a macroscopic
scale but which is phase separated on a mesoscopic scale. Many
experimental1,2 and theoretical3-6 studies of bulk block copoly-
mers have been published, enhancing our understanding of their
phase behavior. More recently, there has been an increasing
interest in thin block copolymer films. Such films can be created
by spin-coating a block copolymer solution on a substrate and
then letting the solvent evaporate. One can create either a free
film for which the upper surface is formed by air while the
lower surface is formed by the substrate7-10 or a confined film
for which the upper surface is a solid plate parallel to the
substrate.11 There is a qualitative difference between these two
cases. If the film is confined, the microstructure might have to
be distorted in order to fit inside the film. If the film is free,
however, the system can avoid this distortion by the formation
of terraces,9,12 so that locally its thickness is everywhere
commensurate with the natural periodicity of the structure. In
this paper, we will only consider confined films.

Using X-ray scattering, various microstructures have been
observed in copolymer films. The simplest of these is the
lamellar structure.7,8,11 The lamellae may be either parallel, or
perpendicular to the film. In refs 13-18, the relative stabilities

of these two lamellar structures were investigated theoretically
for the case of confined films. Also more complex structures
have been reported experimentally,10 such as cylindrical struc-
tures, hexagonally perforated lamellae, and the gyroid structure.
The cylinders of the cylindrical structure can be either parallel
or perpendicular to the film. The relative stability of these
structures has been investigated theoretically in refs 19-21.

Apart from experimental and theoretical research, also some
Monte Carlo studies have appeared.17,20 In ref 17, the phase
behavior of symmetric AB-diblock copolymers confined in a
thin film was investigated using both Monte Carlo simulations,
and self-consistent field theory. The film boundaries were
assumed to have a preference for the minority component. For
thick films and small AB-incompatibility the authors found a
lamellar structure in which the lamellae are oriented parallel to
the film. For thin films and larger incompatibility, the authors
find transitions between parallel and perpendicular orientations
of the lamellae. In ref 20 an A8B48A8 triblock copolymer trapped
between two plates having a preference for the end blocks was
studied using Monte Carlo techniques. It was found that in very
thin films, a cylindrical structure with the cylinders perpendicular
to the film arises, while in thicker films the perpendicular
cylinders are replaced by either parallel cylinders or parallel
lamellae, of perforated lamellae.

For experimentalists it would be useful to know in advance
in which part of the multidimensional phase space one can
expect to find interesting microstructures. This kind of informa-
tion can be obtained using theory or simulation. We can
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distinguish two types of theories. On one hand, we have theories
that require heavy numerical calculations, like the self-consistent
field theory. For a given point in phase space, they will give an
accurate prediction for the structure to be expected, but since
these methods are rather time-consuming, they are not suitable
for obtaining an overview over the whole of phase space. On
the other hand, there exist the more simple (analytical) theories
like the strong segregation theory and the weak segregation
theory. Because of the approximations made, their predictions
are less accurate, but they have the advantage that they can
provide physical insight and that the whole phase diagram can
be mapped out rather quickly, providing a global overview. The
rough results of such theories can then be used as a guide for
more time-consuming numerical methods or simulations or as
a guide for experimental work.

2. Equivalence between a Confined Film and a
Bulk System

We consider a thin film of molten AB-diblock copolymer
trapped between two parallel imprenetrable plates. The copoly-
mers are assumed to be flexible, in the sense that the persistence
length is much smaller than the block length. Apart from the
chain connectivity, the excluded volume of the monomers, and
the excluded volume of the plates, which represent strong
interactions, two weak interactions are present in the system.
The first is a short-range interaction between the different
monomer types, and is taken into account by means of the
Flory-Hugginsø-parameter. If theø-parameter is positive, there
is a tendency for the A monomers to separate from the B
monomers. The second is a short-range interaction between the
plates and the monomers. The range of this interaction may be
either comparable with, or shorter, or longer than the size of a
monomer unit, but it must be short compared to the radius of
gyration of the blocks. If the interaction strength between the
A monomers and the plates is different from the interaction
strength between the B monomers and the plates, there will be
an accumulation of one of the monomer types near the plates.
The presence of these two weak interactions may lead to a
nonhomogeneous spatial distribution of the two monomer types.
Our aim is to find the time-averaged shape of the equilibrium
composition profile in terms of the parameters of the system.
Having this goal in mind, it is convenient to switch from a
microscopic description in terms of the positions of all individual
monomers, to a mesoscopic description in terms of the coarse
grained composition profileψ defined by

whereFA is the coarse-grained A monomer concentration, and
f is the system averaged A monomer concentration (we assume
that the volume of a monomer of type A equals that of a
monomer of type B). The units have been chosen such that the
total density of the system equals unity, from which it follows
that 0 < f < 1. Note that there are many microscopic states
corresponding to a given coarse grained stateψ. We will analyze
the system by calculating its mean-field free energyF. We make
the assumption that this free energy can be obtained by
minimizing a functionalF[ψ] having the form

The functionalF[ψ] can be considered as a generalization
of the Landau free energy known from the study of ferro-
magnetic systems. All effects concerning the weak interactions
(monomer-monomer, monomer-plate) are present in the

second contribution∆F, which vanishes if these interactions
are absent. The first termS[ψ] is the entropy of the coarse
grained stateψ; that is, the logarithm of the sum of all a priori
probabilities of the microscopic states which are compatible with
this coarse grained state. It takes into account the effects of the
strong interactions (excluded volume, chain connectivity), and
it corresponds to the Landau free energy of a film in which the
A monomers are physically indistinguishable from the B
monomers. It is possible to write down an expression forS in
the form of a series expansion inψ. The coefficients of this
expansion can be related to the single-chain correlation functions
of the system in which the weak interactions are absent. We
will assume that the third and higher order correlation functions
can be built from the second-order onesG(i,RB1;j,RB2) (see ref
3). In principle, these correlation functions could be calculated
by summing the a priori probabilities of all microscopic states
in which, of a given chain, monomeri is at positionRB1, and
monomerj is at positionRB2. Within mean-field theory it can be
proven that the correlation functions thus obtained satisfy
reflecting boundary conditions at the plates (see ref 22, where
this was established for the first time). For a half-infinite system
occupying the part of space satisfyingz > 0, the second-order
correlation function can be written as

whereS represents a reflection in the planez ) 0. If eq 3 is
generalized to a film, the right-hand side will contain an infinite
number of terms, obtained from repeated reflection ofRB2 in the
plates. We emphasize that we do not assume that these reflecting
boundary conditions still hold in a system for which the plates
have a preference for one of the monomer types over the other.
We only assume that the Landau free energy of the general
system can be written as a sum of two parts, one being the
Landau free energy of the system without weak interactions,
and that reflecting boundary conditions may be assumed in the
calculations concerning the latter.

We introduce a coordinate system for which thez-axis is
perpendicular to the film, and for which the origin is chosen
such that the film is betweenz ) 0 andz ) d. The profileψ(x,
y, z) is only defined within the film; that is, for 0e z e d. We
now construct the profileΨ(x, y, z), which is defined in the
whole of space, by repeated reflection of the film profile in the
plates. It can be shown that under the assumptions enunciated
above, the free energy density of a film with profileψ(x, y, z)
is the same as the free energy density of a bulk system with
profile Ψ(x, y, z). Since much is already known about the
calculation of the free energy density of bulk systems, it is
convenient to switch from the film to the auxiliary bulk system.
The profile of the auxiliary bulk system is invariant under
translation over a distance 2d into thez-direction, and mirror
symmetric in the planez ) 0. Note that it follows from this
that the profile is mirror symmetric in any plane described by
z ) kd for integerk. The symmetries imply that we can express
the composition profile of the auxiliary bulk system as a Fourier
series of the following general form:

Equation 4 is more than just a mathematical expression for
the profile inside the film: it prescribes how to continue this
profile into the region outside the film in such a way that a
bulk system having this profile would have the same free energy

G(i,RB1;j,RB2) ) Gbulk(i, RB1;j, RB2) + Gbulk(i, RB1;j, SRB2) (3)

Ψ(x, y, z) ) ∑
k)1

∞

Ak(x, y) cos
kπz

d
(4)

ψ(x, y, z) ) FA(x, y, z) - f (1)

F[ψ] ) - S[ψ] + ∆F[ψ] (2)
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density as the film. In other words, for (x, y, z) lying inside the
film, eq 4 is merely a mathematical statement about Fourier
expansions, but for (x, y, z) lying outside the film, it is a physical
statement about the relation between film and bulk free energies.
For even values ofk, the cosine appearing in eq 4 is symmetric
with respect to the midplane of the film, while for odd values
of k, it is antisymmetric. Since the plates are identical, only for
even values ofk does the corresponding composition wave
couple to the plates. Consider for given vectorqb and phaseφ
the following combination of plane waves:

with

We see that any real linear combination of profiles of the
form given by eqs 5 and 6 has the special form given by eq 4,
and thus it possesses the symmetries of an auxiliary bulk system.
In fact, the converse is also true: any bulk profile satisfying
the above-mentioned symmetry conditions can be written as a
linear combination of functions of the form given by eq 5:

where the summation overqb is restricted to some appropriate
quadrant of Fourier space (see eq 5), and the amplitudesAqb are
real. It is easier to express the symmetry requirements in terms
of the Fourier transform of the composition profile, which is
defined by

If Ψ(rb) is periodic, then its Fourier transform consists of a
discrete collection ofδ-peaks, each of which has an amplitude
proportional to the volume of the system. Using eq 5, we see
that in order for the profile to be real and the symmetry
conditions to be satisfied, the following set of three conditions
on the Fourier transform of the composition profile is sufficient
(it is also necessary, but we will not prove this)

wherek is an integer, the star denotes a complex conjugate,
andqb| ) (qx, qy) denotes a vector parallel to the film. The first
condition expresses the fact that the composition profile must
be real valued, while the second and the third express the
symmetry properties. Note that it follows from the second
condition thatΨ(qb) is real for any vector which is perpendicular
to the film, which means that sines are not allowed; only cosines
are. For the set ofqb vectors which attain a nonzero amplitude
the second condition implies that whenever (qb|, qz) is in the
set, then (-qb|, qz) is also in the set, and both have the same
amplitude, but opposite phases. We stress that the symmetry
conditions expressed by eq 9 are imposed on the profileΨ of
the auxiliary bulk system, not on the profileψ of the film, which

is the restriction ofΨ to the film. The film profile is not
constrained by symmetry requirements, it is only constrained
by the requirements that it must integrate to zero and that its
value must lie between (-f) and (1- f).

3. Weak Segregation Regime

We will study the film in the weak segregation regime, which
is defined by the requirements that the AB-interaction strength
ø is close to its critical valueêc, the A monomer fractionf is
close to1/2, and the preference of the plates for one of the mon-
omer types over the other is only slight. The precise meaning
of the words “close” and “slight” will be given further on. We
will also assume that the film thickness is close to a multiple
nL0 of the natural periodicityL0 ) 2π/q0, whereq0 denotes the
position of the minimum of the second-order vertex.3 In our
calculations we will assume that the structure is periodic with
periodd/n in the direction perpendicular to the film, by which
we mean that if the film is divided inton slices of thickness
d/n, then each slice is identical as far as the internal structure is
concerned. This assumption of homogeneity is only justified if
the film thicknessd is much smaller than the bulk correlation
lengthê, which depends on the system parameters via23

whereRg is the radius of gyration of an unperturbed chain in
the melt. If, on the other hand, the film thickness is much larger
thanê, then in the middle of the film the structure will be the
equilibrium bulk structure, which may be different from the
structure near the plates. Nevertheless, for any given value of
the film thicknessd, no matter how large, the conditionê . d
will be fulfilled once we are close enough to the critical point.
Therefore, in the weak segregation regime our assumption
concerning the homogeneity of the structure in the perpendicular
direction does not impose any restriction on the film thickness,
and the integern may take on any value. For largen we are in
the regimeL0 , d , ê. Because of the first inequality,
incommensurability effects are negligible. Because of the second
inequality, the free energy contribution coming from the surface
preference is spread evenly over the entire film, and since the
film is thick while the surface preference is small, the effects
of the surface preference will be negligible as well. We conclude
that if n is large, neither the incommensurability, nor the surface
preference plays an appreciable role, so that the structure inside
the film will concide with the bulk structure. For this reason
we need only to consider small values ofn. We stress that for
given film thicknessd . L0 the reasoning given above only
applies once we are close enough to the critical point, where
ê . d. If, on the other hand,ê j d, the influence of the surface
preference penetrates only over a certain distance into the film,
and the structure near the midplane may be different from the
structure near the surfaces. It would be interesting to study how
one structure slowly transforms into another; see also ref 24,
where this problem was addressed in the limitd f ∞.

4. Free Energy

The next step is to write down the free energy of the auxiliary
bulk system in terms of its composition profileΨ. Since we
are in the weak segregation regime, the free energy may be
expanded in powers of the composition profile. It can be shown
that in the generic case, the terms until the fourth order have
the same order of magnitude, while the higher order terms are
negligible. This leads to the following approximation to the free

Ψqb,φ(x, y, z) ) eiφ ei (qxx+qyy+qzz) + e-iφ e-i (qxx+qyy+qzz) +

e-iφei (-qxx+qyy+qzz) + eiφ e-i(-qxx+qyy+qzz) )

2 cos (qxx + qyy + φ) cos(qzz) (5)

qz ) kπ
d

(6)

Ψ(x, y, z) ) ∑
qb

Aqb Ψqb,φqb (x, y, z) (7)

Ψqb ) ∫d3r Ψ( rb) eiqb.rb (8)

Ψ (-qb) ) Ψ* ( qb)

Ψ (-qb|, qz) ) Ψ* ( qb|, qz)

Ψ (-qb|, qz) ) 0 if not qz ) kπ
d

(9)

ê ∝
Rg

(N|ø - øs|)1/2
(10)
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energy of the auxiliary bulk system (we did not yet include a
term accounting for the preference of the plates for one of the
monomer types):

The interaction between A monomers and B monomers has
been taken into account in the usual way by means of the Flory-
Hugginsø-parameter. If the composition profile is periodic, the
Fourier transformΨQ is only nonzero on a discrete lattice, called
the reciprocal lattice. In the weak segregation regime, the
spacing of this lattice is given by the positionq0 of the minimum
of the second-order vertex functionΓ(2). The lattice vectors
having lengthq0, forming what is called the first harmonics
sphere, attain a much larger amplitude than the vectors of the
higher harmonics spheres. For this reason the latter are usually
neglected. In this so-called first harmonics approximation all
vectors appearing in the summations of eq 11 have the same
lengthq0. Since, if the plates have a preference for one of the
monomer types over the other, there will always be a Fourier
vector oriented perpendicularly to the film, it follows from
eq 9 that, strictly speaking, the first harmonics approximation
cannot be implemented if the film thickness is not a multiple
of half the bulk periodicity. Nevertheless, if the film thickness
is close to a multiple of the bulk periodicity, as is assumed
throughout this paper, the perpendicular vectors will have a
length which is close toq0, and all vectors appearing in eq 11
have more or less the same length (it should be noted, however,
that even if the film thickness is a multiple of the bulk peri-
odicity, many structures may still not fit due to the incompat-
ibility of the z-component of one of its oblique Fourier vectors;
see the last condition in eq 9). This property can be used to
simplify eq 11. The third and fourth order vertexesΓ(3) and
Γ(4) depend only weakly on the angles between their arguments,
and they may be approximated by angle-independent constants,
as follows:

The constantsµ andλ will depend on the compositionf. For
the second-order vertex this approximation would be too crude,
because although the length of all Fourier vectors will be close
to q0 in the regime under study, the relative change in the value
of the second-order vertex is large if we change the length of
the q-vector even slightly, becauseΓ(2)(q) is close to zero for
q ) q0 (whereq denotes the length of the vectorqb). Neverthe-
less, it is not necessary to take into account the fullq dependence
of the second-order vertex; it will be sufficient to make a
quadratic approximation around its minimumq ) q0, as follows:

The parameterτ represents the distance to the spinodal, and
it is a function both ofø and off. The approximations given by
eqs 12 and 13 have as an effect that details of the molecular
architecture are lost. For instance, with these approximations
we are not able anymore to make a distinction between diblock

copolymers, triblock copolymers, and multiblock copolymers,
though the mapping of the rescaled parameters (to be introduced
shortly) to the physical parameters such as composition and
temperature will be different for the different architectures. This
is not necessarily a weak point; in fact, it shows that to a first
approximation the phase diagrams of these systems can be made
to coincide by a proper choice of the origin and the scale.

The free energy density of the film can be obtained from
that of the auxiliary bulk system by adding a termEplates

accounting for the interaction of the monomers with the plates
(see also eq 2). Note that we are talking about the weak
interaction related to the preference of the plates for one of the
monomer types over the other, not the excluded volume
interaction. Under the assumption that this weak part of the
monomer-plate interaction is pairwise additive and short-range
(the range should be much smaller than the radius of gyration
of the blocks), the corresponding contribution to the free energy
coming from one of the plates will be linear in the A monomer
fraction near this plate, averaged over its 2-dimensional surface.
Therefore, we have for some constanth0

We will not attempt to expressh0 in terms of more basic
quantities, but take it as a phenomenological parameter. Its value
has to be small in order for the weak segregation expansion to
be valid. The precise meaning of “small” is that the value ofH,
to be defined by eqs 17 and 26, has to be small compared to
unity. Adding the various terms together we obtain the following
expression for the free energy:

whereQi for i ) 1, 2, 3, 4 represents a lattice vector, and the
summations are restricted to sets of lattice vectors whose sum
equals zero. The star in the last summation indicates that it is
restricted to lattice vectors which are perpendicular to the film,
and whose length satisfies eq 6 for even values ofk. The
variablesxQ are rescaled amplitudes defined by (see eq 7 for
the (implicit) definition ofAQ)

The constanth is defined in terms ofh0 (see eq 14) by

whereL0 ) 2π/q0 is the natural periodicity. The parameterh is
a measure for the preference of the plates for the monomers of
type A (if h > 0) or B (if h < 0). Note that in the last term of
eq 11 the division byd is needed in order to arrive at the free
energy density, since the volume of the film is proportional to
d. The parameterε appearing in eq 15 has been defined in such
a way that it is positive if the A monomers are in the minority.
It is given by (see eq 12)

F ) 1
2!V∑(ΓQ

(2) - 2ø) ΨQΨ-Q +

1

3!V2∑ΓQ1
,Q2

,Q3

(3) ΨQ1
ΨQ2

ΨQ3
+

1

4!V3∑ΓQ1
,Q2

,Q3
,Q4

(4) ΨQ1
ΨQ2

ΨQ3
ΨQ4

(11)

ΓQ1
,Q2

,Q3

(3) f µ

ΓQ1
,Q2

,Q3
,Q4

(4) f λ (12)

Γ(2)(q) - 2ø ≈ c(q - q0)
2 - τ (13)

Eplates) -h0〈Ψ(x, y, 0)〉x,y - h0〈Ψ(x, y, d)〉x,y (14)

λF

V
)

1

2
∑
Q

(ΓQ
(2) - 2ø) xQ x-Q -

ε

6
∑
{Qi}

xQ1
xQ2

xQ3
+

1

24
∑
{Qi}

xQ1
xQ2

xQ3
xQ4

-
hL0

d
∑
Q

* xQ (15)

AQ )
xQ

xλ
(16)

h )
h0xλ

L0
(17)

ε ) - µ
xλ

(18)
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The parameterε vanishes forf ) 0.5, and close to the critical
point its dependence on the compositionf and the chain length
N may be approximated by

whereK is a constant.

5. Microstructures in Thin Films

We have remarked in section 2 that ifh ) 0, then in the
weak segregation regime the free energy density of a film equals
the free energy density of the bulk system whose structure is
obtained by repeated reflection of the film in the interfaces.
Suppose that for a given film thickness there exists a film
structure which would, upon repeated reflection in its interfaces,
lead to the equilibrium bulk structure. It follows that this film
structure would minimize the film free energy. Such a film
structure has to be a slice of the equilibrium bulk structure, but
the opposite is not true: not every slice of the equilibrium bulk
structure whose thickness coincides with the film thickness
would lead back to the equilibrium bulk structure upon repeated
reflection in its interfaces. For a given film thicknessd such
slices may not even exist, depending on the periodicityL0 and
the symmetry of the equilibrium bulk structure. There is no
general rule involving the periodicity; for instance, the condition
d ) kL0 for some positive integerk, is neither necessary nor
sufficient. The fact that this condition is not sufficient becomes
clear if we consider the gyroid structure. Its weak segregation
Fourier transform contains 12 plane waves pointing into various
directions, so that in any direction the gyroid structure is either
nonperiodic (but nonconstant), or it has a period which is larger
than twice the natural periodicity. It follows that there is no
symmetric slice whose thickness equals the natural periodicity.
The fact that the above-mentioned condition is not necessary
becomes clear if we consider the lamellar structure. For a given
periodicity, any slice which is cut perpendicular to the lamellae
would lead back to the same lamellar structure upon repeated
reflection in the plates, irrespective of the thickness of the slice.

To avoid cumbersome formulations, we will say that a slice
of a bulk structure is “symmetric” if it leads back to the same
bulk structure upon repeated reflection in its interfaces. Using
this terminology, we can summarize the above by saying that
if the equilibrium bulk structure allows for a symmetric slice
having thicknessd, then the equilibrium film structure forh )
0 is given by the structure inside the slice. In this form the
principle is not very powerful, not only because its applicability
is restricted to the caseh ) 0, but also because symmetric slices
exist only for a discrete set of film thicknesses. However, it
does suggest a way to search for the equilibrium film structure
in the more general situation. The idea is as follows. First we
choose a bulk structure, and we try to find a symmetric slice
whose thickness is close to the film thickness. We compress or
expand the bulk structure in the direction perpendicular to the
slice until the thickness of the slice coincides with that of the
film. At the same time we may also compress or expand the
structure in some direction(s) parallel to the film in order to
reset the lengths of the oblique Fourier vectors back to their
natural valueq0. In Fourier space, the distortion of the structure
is, therefore, due to a rotation of the Fourier vectors, rather than
due to a compression or an extension. Since it is assumed here
that the third and fourth order vertexes do not depend on the
angle between their arguments, distortions of the structure which
are due to rotations of the Fourier vectors (while making sure

that relations of the formΣiqi ) 0 stay valid) will not increase
the free energy. It is important to keep the length of the Fourier
vectors constant, because an extension or compression of these
vectors is associated with a free energy cost coming from the
second order vertex. Only the Fourier vector which is perpen-
dicular to the film has to be extended or compressed in order
to keep the structure commensurable (condition 3 of eq 9). We
calculate the free energy of the resulting distorted structure,
adding a term to account for the plate preference. We repeat
this procedure for various bulk structures, and compare their
free energies.

We have to search for symmetric slices of small integer
thicknessn (from now on we will measure lengths in units of
the natural periodicityL0 ) 2π/q0). This search is facilitated
by considering the bulk structures in Fourier space. The Fourier
transform of a periodic structure is only nonzero on a discrete
set of Fourier vectors, which is called the reciprocal lattice. In
a previous section, we have given a symmetry condition on the
reciprocal lattice in order for the associated structure to have a
symmetric slice whose lower interface coincides with the plane
z ) 0. This symmetry condition is that if (qb|, qz) is in the
reciprocal lattice, then (-qb|, qz), (qb|, - qz), and (-qb|, -qz) must
also be in the lattice. In addition, thez-component of any wave
vector must be a multiple ofπ/d. Since the film thickness is
given byd ) nL0, whereL0 ) 2π/q0, thez -components must
be multiples ofq0/2n. For instance, if the slice has unit thickness,
there only three allowed values for the angleR between the
vector and the film, namelyR ) 0, R ) π/6, andR ) π/2.

We will search for symmetric slices in the lamellar structure,
the hexagonal structure, the bcc structure, and the fcc structure,
which comes down to finding orientations of their respective
reciprocal lattices satisfying the above-defined conditions. If a
symmetric orientation does not have perpendicular vectors, we
will have to add them by hand, because such vectors will always
have a nonzero amplitude if the plates prefer one of the mono-
mer types over the other.

We first consider the lamellar structure. In the first harmonics
approximation, its Fourier transform consists of one pair of
opposite vectors. There are only two ways of satisfying the
symmetry conditions formulated above: the vectors should be
either perpendicular, or parallel to the film; see Figure 1.

Note that in the latter case, we have added by hand a set of
perpendicular vectors. In real space, the first Fourier transform
corresponds to lamellae which are oriented parallel to the plates,
while the second Fourier transform corresponds to lamellae
which are oriented perpendicular to the plates. The perpendicular
Fourier vectors make it possible that the lamellae have a
different thickness near the plates as compared to near the
midplane. Figure 2 shows a cross section of the parallel
structure, while Figure 3 shows a cross section of the perpen-
dicular structure, both for the casen ) 1. Figure 4 shows a
cross section of the perpendicular structure for the casen ) 2.
Note that there is a thickening of the minority phase near the
midplane, which is due to the natural periodicity of the block
copolymer.

ε ≈ - K

xN
(f - 1

2) (19)

Figure 1. Fourier vectors and amplitudes: lamellar structures.
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Next we consider the structure which consists of hexagonally
packed parallel cylinders. In the first harmonics approximation,
its Fourier transform is a set of six coplanar vectors of lengthq0,
making angles of 60° with each other. There are three ways of
orienting the vectors with respect to the film such that the sym-
metry conditions are satisfied, which are illustrated in Figure 5.

The first possibility is to orient all six vectors parallel to the
film, in which case we need an additional set of perpendicular
vectors. In real space, this corresponds to hexagonally packed
cylinders oriented perpendicular to the plates. Because of the
perpendicular Fourier vectors, the cylinders will have a different
thickness near the plates as compared to near the midplane (see
Figure 6).

The second possibility is to orient two of the six vectors
perpendicular to the film. Since thez-components of the four
oblique vectors are(q0/2, this structure will fit without distor-
tion in any film whose thickness is a multiple of the natural
periodicityL0. In real space it corresponds to the cylinders lying
parallel to the film, and a cross section for the casen ) 1 is
given by Figure 7. If the film thickness is not a multiple ofL0,
the oblique vectors have to be rotated while their length stays
the same.

The third way to orient the structure is obtained if we rotate
the previous (parallel) structure over an angle of 30°, so that
two Fourier vectors become parallel to the film. We will have

to add a set of perpendicular vectors to account for the plate
interaction. Thez-components of the oblique vectors are equal
to x3/2 in units ofq0, and since this is an irrational number,
the structure will not fit in any film of integer thickness. Ifn is
large enough, it can be made to fit by just a slight distortion,
but the corresponding free energy will always be higher than
that of the perpendicular orientation, since both structures have
the same terms in the free energy. It follows that this way of
orienting the cylinders is never stable, which is in accordance
with experimental findings.10

Now we consider the bcc structure. Apart from trivial rota-
tions around a perpendicular axis, there are only two possiblities
to orient the Fourier vectors such that the symmetry requirements
are satisfied (see Figure 8).

The first possibility is to orient one Fourier vector perpen-
dicular to the film. All oblique vectors have az-component
which is equal toq0/2, and the structure fits without distortion
in any film of integer thickness.

Figure 9 shows what this structure looks like in real space in
a film of unit thickness. If the film thickness is slightly increased
from integer value, the oblique vectors have to be turned slightly
toward the horizontal orientation in order for theirz-component
to remain commensurate with the film thickness. At the same

Figure 2. Lamellar parallel, side view,n ) 1.

Figure 3. Lamellar perpendicular, side view,n ) 1.

Figure 4. Lamellar perpendicular, side view,n ) 2.

Figure 5. Fourier vectors and amplitudes: cylindrical structures.

Figure 6. Hexagonal perpendicular,n ) 1.

Figure 7. Hexagonal parallel, side view,n ) 1.

Figure 8. Fourier vectors and amplitudes: bcc structure.

Figure 9. The bcc top view,n ) 1.

Macromolecules, Vol. 39, No. 18, 2006 Thin Block Copolymer Films 6215

CDV



time, the angle between two oblique vectors whose sum equals
one of the horizontal vectors must be increased. Since we ignore
the angle dependence of the vertexes, these distortions do not
complicate the calculations. The length of the Fourier vectors
is kept constant atq0. In the second way to orient the Fourier
vectors, none of them is perpendicular to the film, and per-
pendicular vectors have to be added in order to account for the
plate interaction. Thez-component of the oblique vectors equals
q0/x2, and sincex2 is irrational, the structure will not fit
without distortion in any film of integer thickness. This means
that for small values ofn this structure would have a high free
energy and may be ignored, but for large values ofn it would
have to be taken into account, since the degree of distortion
needed to make it fit would be small. In fact, it can be argued
that it will become stable in thick films if the plates have a
preference for the majority component. Nevertheless, for reasons
expounded before, we restrict ourselves to small values ofn,
so that we may neglect the second orientation of the bcc
structure.

There is also a film structure which is derived from the bulk
fcc structure. We took it into account in our calculations, but
since it is nowhere stable, we will refrain from discussing it
any further. Finally we considered the gyroid structure. Because
of its large number of Fourier vectors pointing into various
directions, it does not fit inside thin films (i.e.,n small), and
can only be embedded in thick films. Since we restrict ourselves
to small values ofn, we do not need to consider the gyroid
structure.

6. Rescaled Parameters

Using the results of the previous section, we can write down
expressions for the free energy of the various structures. These
expressions will not only depend on the symmetry of the
structure and the amplitudes of the Fourier vectors, but also on
the degree of distortion (compression or stretching), which can
be quantified by the dimensionless parameterD defined by

where the integern is fixed by the requirement thatnL0 is as
close as possible tod. The structure is compressed ifD < 1,
and stretched ifD > 1. Since we consider films whose thickness
is close to a multiple of the natural periodicity, we haveD ≈ 1.
We are now in a position to write down the expressions for the
free energy of the various structures in terms of the Fourier
amplitudes defined by Figures 1, 5, and 8. The result is

The parameterτ has been defined in eq 19 and is given by

while τ̃ is defined by

By making use of the fact thatD is close to unity, we can
simplify the free energy expressions of eq 21, reducing the
number of parameters from four (namely,f, ø, h, andD), to
three. First we relateτ̃ to τ by combining eq 13 with eq 23:

where we have only kept the leading order term in (1- D),
which is justified by our assumption thatD is close to unity. In
the same approximation, the factorD may be omitted from the
linear term describing the interaction between the A monomers
and the plates; that is, in eq 21 we may make the substitution

As a first step in the reduction of the number of parameters,
we replace the original set (f,ø, h, D) by the equivalent set (ε,τ,
h, D). Next we rescale the parametersτ, h, andD - 1 by some
appropriate power ofε and arrive thus at the new parameters
∆, T, andH:

We also rescale the amplitudes

and the free energy

Substitution of eqs 26, 27, and 28 into eq 21 leads to

From the fact that the (small) parametersτ, ε, h, andD - 1
appear only in the combinationsT, H, and∆, it can be concluded
that the relevant values for these parameters satisfy the scaling

We note that although the original parameters (f - 0.5), (ø -
øc), (D - 1), andh all have to be small in order for the theory

D ) d
nL0

(20)

λ
V

Flm ) - τ̃ u2 + 1
4

u4 - 2hu
nD

λ
V
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to be valid, expression 29 is valid for any values of the
parameters∆, T, andH. This can be understood by realizing
that we went from four independent parameters to three. There
must be a fourth independent parameter in addition to∆, T,
and H, say X, on which the free energy depends in a trivial
manner, so that the ratio of any two free energies does not
depend onX. This parameterX is a measure for the distance to
the critical point; therefore, it must be small in the weak
segregation regime. The remaining three parameters describe
the position on the three-dimensional hypersurface defined by
the condition thatX is constant. Varying these parameters
between zero and infinity only changes the position on this
hypersurface, without bringing us further away from the critical
point. It follows that in the phase diagrams to be presented in
the next section, where∆ is placed along the horizontal axis
andT along the vertical axis, any region in the phase diagram
is meaningful in the weak segregation regime, not just the region
near the origin.

7. Results and Discussion

We will present our results in the form of phase diagrams.
Along the horizontal axis we put∆ ∼ |D - 1|/|ε|, and along
the vertical axis we putT ) τ/ε2. Since there is a third parameter,
namelyH ) h/ε3, we need to calculate a series of such phase
diagrams, for increasing values ofH. From the definitions of
the parameters∆, T, andH we see that the phase diagram does
not change if we flip simultaneously the signs ofε andh. This
is due to the fact that if we exchange A and B in the copoly-
mer molecules, and at the same time reverse the plate prefer-
ence, the equilibrium structure is simply inverted according to
Ψ f - Ψ, keeping the same symmetry and amplitude. There-
fore, the phase diagrams forH > 0 describe both the situation
where theA -monomers are in the minority (ε > 0) and the
plates prefer the A monomers (h > 0), and the situation where
the B monomers are in the minority (ε < 0) and the plates prefer
the B monomers (h < 0). To avoid cumbersome formulations,
in our discussions we will always assume that the A monomers
are in the minority.

The results are shown in Figures 10-20. We will start with
the simplest caseH ) 0 (Figure 15), where the plates have no
preference for either monomer type. If the film thickness is an
integer, corresponding to∆ ) 0, the phase behavior is identical
to that of a bulk system, because the weak segregation bulk
equilibrium structures all fit without distortion inside a film of

unit thickness. We see that on increasing the parameterT, which
is a measure for the AB-repulsion, the order in which the phases
appear is given by homogeneous-bcc-hexagonal-lamellar,
which is in accordance with well-known results.3 If the film
thickness is not an integer, so that∆ > 0, the lamellae and the
cylinders are oriented perpendicular to the film, and the free
energy of the corresponding structures is independent of the
film thickness. This explains why the phase boundary separating
them is a straight horizontal line. The free energy of the three-
dimensional bcc structure, on the other hand, increases if the
film thickness deviates from being an integer, because it will
be compressed or stretched. This is the reason the bcc structure
disappears upon moving to the right in the phase diagram.

Next consider the phase diagrams for positive values ofH.
We see that, close to the line∆ ) 0, the lamellae and the
cylinders have a parallel orientation. The reason is that in this
way the film can profit optimally from the preference of the
plates for the monomers of type A (remember that without
affecting the generality we will assume that the A monomers
are in the minority). It is for this reason that the border between
the parallel and the perpendicular phases shifts to the right ifH
is increased. Although the perpendicular hexagonal structure

Figure 10. Slice through hexagonal phase violating symmetry condi-
tions. Figure 11. Phase diagram forH ) - 0.80. Key: 11) lamellar

parallel, 12) lamellar perpendicular, 21) hexagonal parallel, 22)
hexagonal perpendicular, and 3) bcc.

Figure 12. Phase diagram forH ) - 0.40. Key: 11) lamellar
parallel, 12) lamellar perpendicular, 21) hexagonal parallel, 22)
hexagonal perpendicular, and 3) bcc.
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also has a set of perpendicular Fourier vectors which couple to
the plates (see Figure 5), these vectors couple to the other
Fourier vectors only via the (positive) fourth order term, while
the perpendicular vectors of the parallel hexagonal structure

couple favorably to the other Fourier vectors via the (negative)
third-order term. The stability of the parallel lamellar structure
over the perpendicular lamellar structure for small values of∆
can also be explained by the positive fourth order contribution
to the free energy in the latter coming from the coupling between
the parallel and the perpendicular Fourier vectors. The stronger
the plate preferenceH, the more the parallel structures are
favored over the perpendicular structures. More generally, the
shifts in the phase boundaries for increasing value ofH can be
accounted for by differences in the amplitude of the perpen-
dicular Fourier mode. The structure with the largest amplitude
will profit most from an increase in the value ofH (note that
the amplitude may be negative).

Next we consider the phase diagram forH < 0. The most
striking feature is the total absence of the parallel hexagonal
phase. This is due to the fact that ifH < 0, the third-order term
and the first-order term of the free energy have opposite signs,
and compete with each other (see eq 29). In case the minority
component forms the cylinders while the majority component
forms the matrix, the third-order term is negative, but there will

Figure 13. Phase diagram forH ) - 0.20. Key: 11) lamellar
parallel, 12) lamellar perpendicular, 21) hexagonal parallel, 22)
hexagonal perpendicular, and 3) bcc.

Figure 14. Phase diagram forH ) - 0.05. Key: 11) lamellar
parallel, 12) lamellar perpendicular, 21) hexagonal parallel, 22)
hexagonal perpendicular, and 3) bcc.

Figure 15. Phase diagram forH ) 0. Key: 0) homogeneous, 1)
lamellar, 2) hexagonal, and 3) bcc.

Figure 16. Phase diagram forH ) 0.05. Key: 11) lamellar parallel,
12 ) lamellar perpendicular, 21) hexagonal parallel, 22) hexagonal
perpendicular, and 3) bcc.

Figure 17. Phase diagram forH ) 0.1. Key: 11) lamellar parallel,
12 ) lamellar perpendicular, 21) hexagonal parallel, 22) hexagonal
perpendicular, and 3) bcc.
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be an excess of the minority component near the plates, which
is unfavorable forH < 0. If, on the other hand, the structure is
inverted so that the majority component forms the cylinders
while the minority component forms the matrix, the former will
be in excess near the plates, which is favorable, but the price to
be payed is a positive third-order contribution. Because of this

frustration the parallel phase is nowhere stable forH < 0. One
might think that it should be possible to cut a slice out of the
hexagonal bulk structure such that the cylinders are in the middle
of the film, so that the material making up the matrix is in excess
near the plates, preventing the frustration between the first- and
the third-order terms of the free energy expansion. However, it
appears that any slice of integer thickness having the cylinders
in the middle violates the symmetry conditions; see, for instance,
the failed attempt illustrated by Figure 10.

The disappearance of the bcc structure for negative values
of H can be accounted for by the same mechanism. It should
however be noted that for large values ofn, the alternative way
of cutting a slice out of the bcc structure, as illustrated by the
second picture of Figure 9, would lead to a lower free energy,
so that the corresponding bcc2 structure might remain stable
even for negative values ofH. Finally we remark that for any
point (∆,ø) in the phase diagram, the parallel lamellar structure
becomes stable once the absolute value ofH is large enough.

Quantitative comparison with experimental work or earlier
theoretical work is not well possible, but some of the qualitative
aspects of our phase diagrams are in accordance with earlier
findings. In ref 20, it was remarked that if the surface potential
H increases, the parallel structures are favored over the per-
pendicular structures, which is confirmed by our series of phase
diagrams. The reason can be found in the fact that in the parallel
structures, the excess of the minority component at the plates
is larger than in the perpendicular ones, while the minority
component is favored by the plates for positiveH.

In ref 19, it was observed that the lamellar structure gains
stability over the hexagonal structure if the surface potential
increases, which is also apparent from our series of phase
diagrams.

In ref 17, a symmetric diblock copolymer trapped between
two parallel plates was investigated using both self-consistent
field theory, and Monte Carlo simulations. It was found that in
thick films, the lamellae are always oriented parallel to the
plates, while for thin films there are transitions between parallel
and perpendicular orientations. Strictly speaking, our phase
diagrams are not valid for symmetric copolymers, since we have
rescaled our parameters with powers ofε. Of course, the analysis
would be easier for symmetric copolymers, and one could
represent their phase behavior by a single diagram in which
τ/h2/3 is plotted vs|D - 1|/h1/3. However, it is possible to under-
stand the occurrence of periodic transitions between parallel and
perpendicular orientations of the lamellar structure on the basis
of our phase diagrams. Suppose that for a given copolymer we
slowly increase the film thickness, starting from unity. What
will be the corresponding path in our phase diagrams? For unit
film thickness we are somewhere on the vertical axis, and we
move to the right if the film thickness is increased. However,
if we increase the film thickness further, at a certain moment
the number of periods fitting inside the film will increase
jumpwise (either two 1.5, or to 2), with as a result that suddenly
the structure is compressed rather than stretched. Increasing the
film thickness further wil now lead to a decrease of the
parameterD (see the previous section), so that we start moving
to the left in the phase diagram, until we hit the vertical axis
once again. It follows that if we keep increasing the film
thickness, we will periodically move to the right and to the left.
The turning point at the left will always lie on the vertical axis,
but the turning point at the right will move to the left for thicker
films, because the degree of frustration in thick films cannot
be very large. Therefore, for thick films the amplitude of the
periodic motion in the phase diagram is so small that the phase

Figure 18. Phase diagram forH ) 0.20. Key: 11) lamellar parallel,
12 ) lamellar perpendicular, 21) hexagonal parallel, 22) hexagonal
perpendicular, and 3) bcc.

Figure 19. Phase diagram forH ) 0.40. Key: 11) lamellar parallel,
12 ) lamellar perpendicular, 21) hexagonal parallel, 22) hexagonal
perpendicular, and 3) bcc.

Figure 20. Phase diagram forH ) 0.80. Key: 11) lamellar parallel,
12 ) lamellar perpendicular, 21) hexagonal parallel, 22) hexagonal
perpendicular, and 3) bcc.
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boundary between the parallel phase and the perpendicular phase
is never reached, so that the system stays permanently in the
parallel phase. For thinner films, however, there might be
periodic transitions between the two phases upon increasing the
film thickness. We conclude that our results are in agreement
with the results of ref 17.
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